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MOMNTUM AND ENERGY RELAXATION OF AN ELECTRON IN A CRYSTAL

I. General Relations tor Test Electron.

P. A. Kazlauskas, 1. B. Levinson*

(Submitted 6 lar. 19b!)

The values characteriLiny ruidxation and fluctuation ot energy

and momentum of a test Glectron in a crystal are examined during

collisions with phonons and static impurities. These values are

studied both for elastic au tor inelastic scattering at various

lattice tebperatures.
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The speed of transmission oL energy and momentum from electrons

to the lattice determines tia ue tae of deviation of distribution of

the electric field from ejualiLurm with the absence of a field.

Strictly speaking, by eneuyy wo suould mean its excess above thermal

energy, and by momentum be shuud mean directed momentum, for

example, projection to the uirection of the field. It is obvious that

losses of energy and moa~nt~m uiy ta electron can be described vith

the aid of some times ci Lelaxation.

The most common methou or iucroduction of relaxation time is

based on examination of tue test particle, as is usually done in the

theory of plasma (1].

At this work a systematic examination is conducted of the

values, describing the interactiun of the test electron with the

lattice (phonons or static deLects) for an isotropic model of

semiconductor. In detail is studied the degree of elasticity of

scattering on acoustic and VtiLiCd phonons deFendinq on the energy of

electron and the temperature of tau lattice.

L._
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1. Laws of dispersion.

The law of dispersion of electrons in isctropic model is

determined by the connection netmeem energy t and the absolute

value of momentum p in the form -=z(p) or p=p(c). Bence is

determined speed
V,(e) = ()tiE (1 .1)

and the density of states

X t) = 47rp' (&)Iv (c). (1.2)

For parabolic zone with effective mass a

p) -,, pt. p( I (2mo%

.1 3 1

Tr(Z)=(2z g , ) =) 47(2m) , (1.3)

The law of dispersion of paoaons is assigned by the dependence

of frequency w on the absolute value of momentum q in the form

W=*(q). For acoustic phonoas tASre is taken

,k. (q)m sq. (1.4)

where s - the speed of movad. For optical pbonons

Aw (q) -. ht- (I - aq,), (1.5)

where ua - limiting freqbeacy and a - coefficient, responsible for

dispersion'of optical phonons of order (rM) ',
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where N - mass of nucleus.

The comparison of IdWS ot dispersion of electrons and phonons

determines the characteristic enoLyy x,, at which the electron and

phonon have identical rui es to tuee. It is determined as the

solution of equation

For optical phonons witnoat dispesion .- h. For acoustic 4

depends on the law of dispersion uL electrons and is found from

equation

(1.7)

For acoustic phonons tueze ez1ts another characteristic energy

. at which the electrcn and puonon have identical speeds. It is

found from equation

(1.8)S

For parabolic zone
t

4- 2mWa, g; -- 2 9)

Subsequently it will oe assuaed that t(p) increases faster

than p. Then, as is easy to sda from Fig. 1, 4 <go.

Fig. 1. Law of dispersion oL alactrons and characteristic energies of

acoustic scattering.
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460)

Furthermore, with this assump)tion

f rom'
13 a~6 )P ocAiAYe S p(g) 4 C
'(3 t 4 a, citeAyeT zp (c). (110

For optical phonons it wiI. be convenient to consider that

2. Probability ot sedtering in isctropic model.

The probability of scdttei~inq of electron from a state with
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momentum p to a state with momentum p0 connected with radiation

(upper sign) or absorption (notton sign) of phonon with momentum q.

is taken usually in the to lowiUq torn ( 2]:

Is this case during cookutatiou it is necessary to consider

q-*IP-P') Iqualibrium nuauwL" ot paonons enters the last expression

N (4) MeiP A() -IIk(2-2)

krr

and also the square of the electron matrix element M(p. p).

connecting the beginninj and end electron states.

In the isotropic moodel i is accepted to consider that M depends

only on the value of mcm~atuum o tue radiated or absorbed phonon and

does not depend on the direction ot this momentum. The laws of

dispersion of electrons dud paouons also are const,lorel isotrcpic.

All this, in essence, inuicates some averaging with respect to

angles, which can be done dizL*e wntly (either in the entire

probability of transition, ot in separate factors); therefore the

values, figuring in the isotropic model, are determined actually with

accuracy to a factor on the oLuer of one, depending on the method of

averaging. Exceptions are cases, onen some value, for example e(p),

in actually is isotropic. since. generally speaking, division iato

longitudinal and transverse pbonos takes place only along certain
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directions, then in actuility tu% mentioned averaging is performed

not only by directions QL il MsQuUetUR Of phonon, but also by the

polaritations of phonon.

After such avaraqiay the erouasbility ot scattaring in the

isotropic model is convainiwut tj u~itte out in the following manner,

dividinq the emmision auai Aas~ojL~tion terms:

W (4, X) 1 - W, (. C'X x+I 1g g *3

where124

He re z - angle of scatriu d a~u L and I'- initial and final

energy of electron. 10a Ukail 4;440 Lt is necessary to consider

The dimensioas of the utillad values art the following: W

-(S) X (MORO nt Ugm 3, u e - j ir.4jP X (Somn-nt Um 3.

Factar (momentUM) 3 is CU ne,.tej. with the density of states in tho,

space of momenta. factor. is)~ with thf frequency of transitions,

and (enerqy)f - with the value %)L square of the matrix element of

electron-phonon interactioa.

Sab~quemtly we Mill am* tas momeants of probility of transition

wle 411 - 4s f X.ic P.~ I, ic~~ i% z. 1, A,-d i 26
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with the aid of which is wr.LtLn out expansion

W(c. W - ,t,. ci 121+ I P, , (27)
1 t'

The most qenerally used 4 wo i*verage vita respect to angles), vi,

Va. and also transport acawu.a

W ,I I SH '(. . - .. q6,11m)

. ll' 44.1 . )-1 ', . s1= /_ 1.

All these moments can tj LapczuLad as the sums of ' and

absorption parts. Let us wici out their exrressions through B(q).

Vith the aid of (2.5) tUnA.'d IS LetLiaced variable of integration x

by q, and we obtain

, t.) pis I

2A j)p It;e Jq5(q P, (q) V ±q
Pis) riotI

where

with

"Pipt) (2 10

In the case of scattering ou static defects (impurities,

dislocations) in Born ap oxauaztcn the probability of scattering

depends only on the tranm.Ittud momentum q. Therefore in isotropic

model for scatterinq on srtaiC da&ictS

I..........
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W~c cy)= 2w 8 (q) 8(-).(.1

3. characteristics OL scattering of test particle.

The behavior of the test particle is described by different

times of fluctuation or ralaxatioa* which in view of the isotropicity

of the model depend only on exy~ry E.

Life time

)f (do')W (p, p').(31

Relaxation time of momentum oi its longitudinal component

p (a)_ f (d ') (p p) p -p') 1.(3.2)

Transverse component of momentum does not relax in view of

isotropicity.

The time of fluctuation ot transverse component of momentum, or

the time of deflection ct momentum

OMAN". ~m..~mgpu~~m
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t f (P 04" N'p , p'p 1'~ 133

Time of fLucttUiticU oL Lou tUdiinal Coarinont of puiso

Wol W P. Pl 1P- t. 4)Sit) -"

SiqS &ad perltain to the dLr(-e.t ion of initial momentum p. 11y

carryieg oft Latoqration vita &eapct to anqls; in (1.1)- (1.4). it im

possible tO exprs- tho caL~ tu&:ia*tic times throuh aphtical

moments 1', In this caxv it is convenient to intLroduco time r.,

accordinq to

Then we hava

II I

. (3.,7)

I 2 + 1 39
~Ir I t" A~I I I I I ' l I

For symmotric scattering, viaus tho probability of seattorinq

400* Dot depend oa x. i.e. W, .-O with Io), we hawe I1r.-0 with

Ioo. In this case frol the Cost times T$. i, t an4 T, on1y two are

isdopendont. bcause thy lii acw *xprP..@*A through t sad to For

oleatic sottering tims T-,, do %ot dktp*nd s D. &goag ties

to. t. s,, Aid , only thee atLe Ladepondont, bocauso they %it are
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expressed through ro r, ain rz .

Energy relaxation is aeteLmined by lost power

Q(p) -. (dp') [ (p) - c (p')] W(p. p'). j3. I0)

In isotropic model Q does not depend on the direction p and after

integration with respect to anyl -s takes the form

Q (,) - [ dt' ("') (e - g') Wo (c. c') .II

0

From physical considerations it is clear that Q(t) should change

sign with some s* of crdei JT; with c<c* the electron acquires

energy from the scattering system and Q<O. and with t>c* the

electron gives out energy to this system and Q>O. Therefore it is

possible to write

Q - (3.12)

where i is the relaxation time ot energy for the test particle.

Another characteristic or tne energetic interaction between test

particle and the scattexin syratem is

D(p)-g- f (dp')(,(p)-c(p')J'W(p, p°). (3.13)

In contrast to Q, this value iaentically considers both the loss and

the acquisition of energy ot test particle. Therefore D describes not

the relaxation of energy, nut its Lluctuation, i.e., exchange of

a
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energy between the test pdrticlo dad the scattering system. In the

isotropic model

D (6) = dt' f (a')(a,- t')' Wo (,, g') (, 4

0

By analogy with the reldxatioa tame it is possible to introduce the

time of fluctuation of esuagy "

_1 D_(:) (3,15)
(c) to

'I Qualitative examination of scattering.

Let us investigate qualdItatively the character of scattering of

electron with energy Z using iai of conservation, which will be

conveniently written in tai tolioing form:

q - fpa (a) + pI (c') - 2p (a) p (t') cos X] (4.1)
t'-t= ± ~r q).(4.2)

These relationships are depicted gLaphically in Fig. 2 for acoustic

scattering and in Fig. 3 tor optical scattering.

Fig. 2. Region of integration during acoustic scattering.

iq
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0 =0

Fig. 3. gegion of integrationa during optical scattering.

The curves, marked by values A. correspond to the right side of

equation (4.1); pairs at lias marked (+) and (-), correspond to

equation (4.2), emission and absorpition respectively. For acoustic

scattering there are throe pairs, marked 1, 2, 3; they illustrate the
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different types of solutions of system (4.1)-(4.2) depending on the

initial energy , respectively, in cases:

1) - with q<c, emission and absorption occur with scattering

to all angles;

2) - with 4<t<., emission is hampered and is possible only

with scattering forward x<*/ 2:.

3) - with c<4 emission generally is impossible.

For optical scattering there are only two cases, which are obtained

with 6-.

Let us investigate now tue degree of elasticity of acoustic

scattering depending on 1. In oruer to use Fig. 2, instead of

change of E it is more convenient to consider the change of a. if

C ,b, (or s-O), then q 2p(e) and change of energy Ae%24pje)4e,

i.e., the scattering is elastic. with decrease of the energy up to

Valees a-% the scattering is maae inelastic, and A..-s-s. If

44% (or *---), then, as is easy to see, for deternlation of the

final energy we have .'esp('), hoace e'=r4. Thus, &zgl**. i.e.

with .4 scatteriag is hihLy inelastic.
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It is obvious that these conclustions about the degree of

elasticity of scattering depending on the comFarison of 9 and 4

are valid also for optical scattering.

Let us discuss now the quustions connected with temperature. Let

us examine the elastic scatteriag. First of all, it will be

universally elastic only with kT*4 Secondly, the character of

distribution of phonons, ou which scattering occurs, is of interest.

It is determined by the comparison of hta-Ac and kT, where, as seen

from the above-presented discussion, Atsh(, for optical phonons,

and A -tsp (e)-(2ns,)'

for acoustic phonons. For niga temperatures k)TAs the scattering

occurs on classically eyually distributed phomons, the number of

which N-k7"/&*-I. For low teaperatures kT4 A c the number of

significant phonons N-exp(-A,/kT)41 and scattering occurs mainly due

to the spontaneous emission of phonons. Let us emphasize again that

for acoustic scattering the caaracter of the temperature, high or

low, depends on the energy of electron c.

For inelastic scattering, as was shown, outside the dependence

on the energy of electron always A-%, Therefore the character of

distribution of phosons depends on the comparison of kT and 4. At

high temperatures kTUe, the significant phonons are distributed
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classically and their nsawz is jreat: N-kr/sl, In this case for

electron of energy c>s, tho probabilities of absorption and emission

have identical order of value. At low temperatur r kT4. the number

of significant phomons a saall: N-exp(-t,/kT)4i. In this case for

electron with energy .'6; tae probability of spontaneous emission

is much greater than the probability of absorFtion.

Let us examine now tiie peculiarities of scattering of electrons

with energy a-c; at luow tAJm.ISLtures. The omission of phonon for

such an electrom is imucssiile; the probability of absorption is

small. After absorption oc;urs, taw energy of electron is made of

order .. Nov for the #1ectLon tho probability of spontaneous

emisslom is much greater than the probability of absorption and much

qreater than the probability OL the first absorption. Therefore

actually one should consider taAt the primary absorption is

accompanied by instantaneous rewsibsion, and one should consider the

process of scatterinq as combined L3, 4].

The resulting two-staj4 seatturing on optical phonons is elastic

thanks to their small dispersiou, since the reemitted quantum with

respect to energy almost conaciaes with the initial absorbed. For

two-stage scattering on acoustic phonons there is no such elasticity.
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5. General forouj.k Lox computation of the characteristics

of scattering.

Let us compute now the values, characterizing the test particle,

having expressed them in tOe rOLS of integrals by q, containing

function B(q) . All these values iuil be represented in the form of

the sum of two terms, correspuudina to the radiation (top sign) and

absorption (bottom sign).

Life time

I I I

where 
T

I1 2- 2w f r S N ( )* " ),~ a ()J~W ~I ii t(, T h(qI)' (5. 2)

Relaxation time of mOmentUm

I I I .3

fhere .(9) N (q +5x

The deviation time o momentum

(5.5s)

where



rI
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:t

))) -', (o (g),-, (c -TAg. 5.a

Time of longitudinal luctudtion of momentua

L -+ (5.56)

where " (a)) C + ) (5.56)

f- J dqq (q) [ N (q) + 1 1  (qd) 1) .(5.66)
t,.

Power of energy relaxatioa
Q (, - Q (,) Q- ,).(5.7)

where Q+  - power, given off during radiation of phonons, and Q -

power, obtained during absorption of phonons:

2(). () [ N (q)+ I P( Ace(q)) 58

The characteristic of enery fluctuation

D (D) D + (i) + D- (), (5.9)
where

-W f ±f 1q) [ N (q))+(5.10)

The integration limits, botton q :() and top q](), are

determined by laws of ccnservation.

Their values, or equations, zom which they should be found, are
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indicated in Tablo 1.

Table 1. integration liats Loi acoustic and optical scatterings with

arbitrary lay of electro 4a pri-.

(0) a)-P( -s)4 -~m P~ tEct' P wuq

q-Pe) -pte -Sq

'4.-s q-p(,) +pt¢-sv),

Key: (a) gission. (b) Absocption. (c) Optical. (d) Acoustic.

Dashes indicate that emission ot paonons is forbidden by the laws of

conservation.

The above-provided toraalas a~e obtained if in the determination

of the appropriate value we pi the needed moment W, in the form

(2.91. The obtained doucid ituir&a with respect to q and t is

prevalent in the region, limited al curves -0., w Is Figs. 2 or 3.

going &-function, it can be reducea to the integral with respect to
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curve gs-eth.(q) with parameter q.

Let us note that formulas (5.1)-(5.10) can be highly simplified

for parabolic zone with any law oz dispersion of phonons and tor

optical phonons without dispersion with any law of dispersion of

elect rons.

Institute of Physics and 84thenati.cs of the Academy of Sciences of

Lithuanian SSR. Vilnius State~ Pedagjogical Institute.
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Appendix

Matrix elements :Nq) tor different mechanisms of

scattering.

The majority of semiconauctors have two atoms each in the

elementary cell. Therefce in tnc isotropic mcdel, where there is

actually conducted neutralizaticu with respect to polarizations of

phonons, it is necessary to oiamine two types of phonons: acoustic

and optical. They will bt astinjuished Ly designations A and 0. The

phonons of each type scatter elQctrons, generally speaking, by two

means. Spread of oscillations in tue lattice, first of all, creates

distortion of electric mickurielu in the elementary cell, which leads

to change of the law ot aispersioa of electron, and, secondly, in the

elementary cell creates aipole aoment, which leads to the appearance

of electric macrofield. scarteLanq due to the first effect is

accepted to call deformation, dna uue to the second effect -

polarization. These two types oL scattering will be distinguished by

designations D and P. Thus, tour mechanisms of scattering exist: DA

(on deformation potentidl of acoustic phonons), PA (piezo-acoustic),
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DO (on deformation potenticl ot optical phonons), PO (polarization).

The mechanisms of PA ana Po adre ossible only in crystals with

different atoms in elemenryrl cell.

Scatterings D and P o" pnouo-6 of one type do not interfere,

since the corresponding matrix el-j-ents are phase shifted v/2.

Therefore it is possible to cunsider D and P as independent

scattering mechanisms.

Below are provided exiressions B(q) for all four scattering

mechanisms.

Mechanism DA (5]:

W(q)- Bq, XY2& ( ps"

Here p - density of crystal, e. - constant of deformation potential

(dimensionality of energy). 'xae speed of sound s is usually

considered some average longitudinal velocity.

Sometimes other constants are used:

cT6.J-L. ,.

Mechanism PA [9]:

I (e-6
Hrr )-u.-'. w" h f E t.

Mere ye introduced characteristic field Be, determining the
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piegoconnection of electrons1 witu acoustic oscillations. There is

also used dimensionless coei~tcieut of electromechanical connection

Kv (101. All these values iu eence are some averaged with respect

to angles

where e - piezomodulus, s t - tatic dielectric constant and c -

elastic constant. The speed ot sounkd s entering B0 is also a certain

average, in which enters t e speesl of both longitudinal and

transverse waves.

Mechanism P0 [3, 4]:

to e)- , -I)'.
A ifi ,-

Here u.. and S. - hiyh-trekjuenuc and low-frequency dielectric

constants. As the parameters, dwahribing the interaction of electrons

with polarized oscillaticas, there are also used:

dimensionless constant ut coanuetion

characteristic electric tield [ IIJ end effective charge,

giving moment of cell (IJ

(" .)4 4
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